In the present work we study solutions of the problem
Introduction
In this work we investigate for α ∈ (0, 2) the geometry of solutions u to the problem It is well-known that (−∆) α/2 ϕ(x) is well-defined for any ϕ ∈ C 2 c (R N ) and x ∈ R N . For more details and basic properties of the fractional Laplacian, we refer the interested reader to the following recent survey papers [2, 18] , which contain also comprehensive bibliographies.
For u ∈ L 1 α we define the distribution (−∆) α/2 u by the formula
(cf. Definition 3.7 in [9] ). We say that a function u is a solution of (1. 
3)
The geometric properties of solutions to equations involving fractional Laplacians have been recently intensively studied. The results concern concavity properties of the first eigenfunction [6] , [5] , [25] , concavity properties of solutions of the Dirichlet problem for (−∆) 1/2 ϕ = 1 [28] , convexity of superlevel sets for some problems for (−∆) 1/2 [30] , convexity properties of solutions of (−∆) α/2 u = f (u) [20] , and general symmetry properties (see e.g. [7, 15, 22, 24, 33] ) in the spirit of Gidas, Ni and Nirenberg [19] .
Here we are interested in the starshapedness of the level sets of solutions in starshaped rings. Then let us introduce some notation and definitions. We recall that a subset A of R N is said starshaped with respect to the pointx ∈ A if for every x ∈ A the segment (1 − s)x + sx, s ∈ [0, 1], is contained in A. Ifx = 0 (as we can always assume up to a translation), we simply say that A is starshaped, meaning that for every x ∈ A we have sx ∈ A for s ∈ [0, 1], or equivalently
(F2) f is Lipschitz in the second variable i.e. there exists C > 0 such that for any
Our main result concerning problem (1.1) is the following theorem. Note that condition (F1) is analogous to condition (21) from [32] . Note also that if D 1 = B r (0) for some r > 0 in Theorem 1.1 (iii) and f is independent of x, then it is known that u is radial symmetric and decreasing in the radial direction (see [33, 
Then there exists a unique solution u of (1.1). It satisfies 0 < u < 1 on D 0 \ D 1 and all superlevel sets U (ℓ) of u are (strictly) starshaped for ℓ ∈ (0, 1).
then it satisfies condition (F1). Indeed, let t ≥ 1 and
Hence (F5) and (F6) imply (F1).
As a consequence of Theorem 1.1 we obtain the following result for harmonic functions with respect to fractional Laplacians. As a consequence of Theorem 1.1 we obtain more general result for harmonic functions with respect to Schrödinger operators based on fractional Laplacians.
Then there exists a unique solution u of (1.1). It satisfies 0 < u < 1 on D 0 \D 1 and all superlevel sets U (ℓ) of u are (strictly) starshaped for ℓ ∈ (0, 1).
As another consequences of Theorem 1.1 and Theorem 1.2 we obtain the following result for Allen-Cahn-type nonlinearities. We note that Theorem 1.1 is in fact a special case of the following more general result in which we do not assume u to be constant on D 1 and on R N \ D 0 . To be precise, let b 0 , b 1 be continuous and bounded functions on R N and consider the following problem
We say that a function u is a solution of (1.5), if u is continuous and bounded on By similar methods we obtain the following result for Green functions corresponding to fractional Laplacians on convex bounded domains. For basic properties of the Green functions see Preliminaries.
Theorem 1.9. Let D ⊂ R N be an open bounded convex set and G D (x, y) be the Green function for D corresponding to
(−∆) α/2 , α ∈ (0
, 2). Then for any fixed y ∈ D the superlevel sets U (ℓ) of the function u(x) = G D (x, y) are starshaped with respect to y for any ℓ ∈ (0, ∞).
Let us recall that in the limit case α = 2, i.e. in the case of the usual Laplacian, these are all well-known results, see for instance [4, 13, 16, 17, 21, 26, 27, 29, 32] . Notice that, although the geometric ideas underlying the situation here at hand are similar to the ones of the papers just quoted, we need big efforts to deal with the distinctive peculiarities of the fractional Laplacian. We use completely different methods than in the classical case. Namely, in the proof of our main result Theorem 1.8 we study the function u t (x) = u(x) − u(tx) using the appropriate maximum principle for Schrödinger fractional operators. In the proof of Theorem 1.8 (ii), in order to relax assumption (F3), we use additionally the method of continuity.
The paper is organized as follows. In the very next section we introduce some notation and collect some preliminary results. In §3 we prove theorems 1.1, 1.2, 1.8, 1.9 and their corollaries. Finally, in §4 we treat uniform starshapedness and prove Theorem 1.5.
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Preliminaries
Let us fix some notation. In the following N ∈ N and α ∈ (0, 2). For U ⊂ R N , a nonempty measurable set, we denote by 1 U : R N → R the characteristic function, |U | the Lebesgue measure, and U c = R N \U the complement of U . The notation D ⊂⊂ U means that D is compact and contained in the interior of U . The distance between D and U is given by dist(D,U ) := inf{|x − y| : x ∈ D, y ∈ U } and if D = {x} we simply write dist(x,U ). Note that this notation does not stand for the usual Hausdorff distance. We write
is the open ball centered at x with radius r. We also 
for any x, y ∈ D. For N > α the kernel K α denotes the Riesz kernel given by
where 
It is well-known that for any open set
is well-defined for x ∈ D and we have the following (see [11, page 9] ).
The following generalization of Lemma 2.1 holds. 
and assume that there exists a locally integrable Borel function g
By substitution y = tx this is equal to
By Lemma 2.1 it equals
Substituting x = y/t this finally gives
α , q, g are bounded Borel functions on D and let us consider the following problem
We say that u is a solution of (2 Proof. The proof will be done in the framework presented in [9, 10] . Let (X t , P x ) denote the standard symmetric α-stable process in R N generated by −(−∆) α/2 . Denote by E x the expected value corresponding to the process X t starting from x and let
be the first exit time from D. Moreover, denote e q (τ D ) = exp
where V is the q-Green operator corresponding to the Schrödinger operator based on the fractional Laplacian (for the formal definition of V see [9, page 58]). By the gauge theorem (see [9, page 59]), properties of h, q and standard estimates we getũ(x) < ∞ for every x ∈ D. Clearly, Proof. Set u n := u + 1 n on R N for n ∈ N. Note that u n is a solution of (2.3) with h, g replaced by h n , g n , where g n = g − q n , h n = h + Remark 2.6. Note that the above framework is in the sense of distributions. For maximum principles in the variational sense see e.g. [23, 24] .
Starshapedness
For the sake of completeness we give here the following trivial lemma. Proof. Assume U (ℓ) = {x ∈ R N : u(x) ≥ ℓ} is starshaped for every ℓ ∈ R. By (1.4) this means that sU (ℓ) ⊆ U (ℓ) for every s ∈ [0, 1). Now set tx = y and ℓ = u(y); then x = sy where s = t −1 ∈ (0, 1], whence x ∈ U (ℓ), i.e. u(x) ≥ ℓ = u(tx). Conversely, assume u(x) ≥ u(tx) for every x ∈ R N and every t ≥ 1. Now take ℓ ∈ R: if ℓ ≤ inf R N u or ℓ > M there is nothing to prove. Then let inf R N u < ℓ ≤ M. The superlevel set U (ℓ) = {x ∈ R N : u(x) ≥ ℓ} is starshaped if and only if sU (ℓ) ⊆ U (ℓ) for every s ∈ [0, 1], see (1.4). If s = 0 it is trivial, otherwise let x ∈ U (ℓ), that is u(x) ≥ ℓ: we want to prove that y = sx ∈ U (ℓ) as well, i.e. u(y) ≥ ℓ. But x = ty where t = s −1 ≥ 1, then ℓ ≤ u(x) = u(ty) ≤ u(y) and the prove is complete. Now we can proceed to the proofs of our main results.
Proof of Theorem 1.8. For any t > 1 set
Thanks to Lemma 3.1, the starshapedness of the level sets of u is equivalent to 
Thus by (F1) we have F(x,t) ), F − (x,t) = max(0, −F(x,t)) and
Using (F1) we obtain
3) holds. Proof of (iii). The proof proceeds exactly as the one of (i), but we use Corollary 2.5 in place of Lemma 2.4. 
where h is the unique continuous solution of
By [10, Lemma 5.3] we get (1.3). It is well known [9, page 57] 
Hence u is a solution of (1.1). Now we show that 0
is a bounded function which satisfies due to (F3) q ≤ 0 in D. Hence for a.e. x ∈ D we have Proof of Corollary 1.6. Under the assumptions of this corollary, by the arguments from [9] , it is well-known that there exists a unique solution u of (1.1) which satisfies 0
The conditions (F0), (F1), (F2) and (F3) are clearly satisfied so the assertion follows from Theorem 1.1. Proof of Theorem 1.9. Case 1. N > α.
We may assume that y = 0. Clearly u(x) = 0 when x / ∈ D. For any t > 1 set
Then, thanks to Lemma 3.1, the statement is equivalent to prove that u t ≥ 0 in R N for t > 1.
It is clear that
By (2.1) for any x ∈ D t we have
It is obvious that there exists
By Lemma 2.1 we get
The only bounded convex sets in R are bounded intervals. By scaling we may assume that D = (−1, 1). It is well known (see [8] ) that
where
and For 1 = N = α the assertion follows by direct computation. Indeed, for x, y ∈ D, x = y we have
So the function x → G D (x, y) is increasing on (−1, y) and decreasing on (y,1) . Assume now 1 = N < α. Substituting t = r(x − y) 2 in (3.5) we obtain
Hence for x, y ∈ D, x = y we have
So for x ∈ D \{y} such that |y− x| is sufficiently small 
Proof. Note that if ∇u(x) exists then ∂ t u(tx)| t=1 = x, ∇u(x) . By Lemma 2.1 we have for
Hence, it is enough to show that the function v(t, x) = u(tx), t > 0, x ∈ R N satisfies
The argument will be similar to [3, Proposition B.2] . By the regularity of u, we have v(t, ·) ∈
α for every t > 0, and thus for t > 0,
Define a, a h :
and fix t > 0, By the Mean Value Theorem, for every 0 < |h| < H and y ∈ B H (0) there is ξ ∈ (−|h|, |h|) such that a h (t, x, y) = ∂ t a(t + ξ , x, y). Hence 
